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1. Introduction
It has been well-known that under the natural action of SL(n,Z) (the group of integral matrices
with determinant 1) on Rn the orbit of a vector is dense if and only if it is not a multiple of an
integral vector (one with integer coordinates). The result is obtained as a special case of the study of
orbits of lattices in SL(n,R), and depends on reduction theory, ergodic theory and dynamics (see Sec-
tion 3 for some historical details).
In this note we describe an elementary proof of the following result, for the action of the semi-
group Γ+ = SL(n,Z)+ consisting of nonnegative matrices in SL(n,Z); we view Rn , n 2, as the space
of column matrices with n entries, written as (v1, v2, . . . , vn)′ (′ signiﬁes transpose). Also, each matrix
γ will be identiﬁed with the corresponding transformation of Rn , v → γ v for all v ∈ Rn .
Theorem 1.1. Let v = (v1, . . . , vn)′ ∈ Rn be such that not all nonzero vi ’s are of the same sign, and there exist
r and s for which vs = 0 and vr/vs is irrational. Then we have the following:
(i) If n 3 then Γ+(v) is dense in Rn.
(ii) If n = 2 then the closure Γ+(v) of Γ+(v) equals P ∪ P− ∪ Γ+(v), where P is the positive quadrant and
P− = {−v: v ∈ P }; in particular, the complement of P ∪ P− in Γ+(v) is a discrete set whose unique limit
point is the origin.
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plement of P ∪ P− in Γ+(v) is contained in the quadrant containing v , say Q , and coincides with the
orbit of v under a canonical map of Q into itself that is akin to the Euclidean algorithm.
We note that if for v = (v1, . . . , vn)′ ∈ Rn either all vi ’s are of the same sign or v is a multiple
of an integral vector then the Γ+-orbit of v is discrete. This shows that the conditions as in the
hypothesis are in fact necessary.
It may be observed that Theorem 1.1 implies the characterisation of the dense orbits of the
SL(n,Z)-action on Rn; see Section 3. Theorem 1.1 yields also the following result on positive solu-
tions of Diophantine inequalities with linear forms (to the best of our knowledge the result is new).
Corollary 1.2. Let L be a linear form on Rn, n 2, given by L(x) = 〈x, v〉 = v1x1 + v2x2 + · · · + vnxn for all
x = (x1, x2, . . . , xn)′ , where v = (v1, . . . , vn)′ ∈ Rn such that not all nonzero vi ’s are of the same sign, and
vr/vs is irrational for some r, s. Then for any t ∈ R,  > 0 and a  0 there exists a primitive integral n-tuple
w = (w1,w2, . . . ,wn)′ with wi  a for all i = 1, . . . ,n, such that
∣∣L(w) − t∣∣< ,
where primitive means w1,w2, . . . ,wn are relatively prime.
As with the theorem the condition in the hypothesis of the corollary may be seen to be necessary
for the conclusion to hold.
It may be recalled here that in [3] study of SL(2,Z)+-orbits on P × P was applied to give a suf-
ﬁcient condition for values of indeﬁnite binary quadratic forms at positive integral pairs to be dense
in R. Consideration of orbits of SL(2,Z)+ on R2 is also involved in [5].
2. Proof of the theorem
We equip Rn with the norm deﬁned by ‖(v1, v2, . . . , vn)′‖ = max{|v1|, |v2|, . . . , |vn|}. We denote
by {e1, . . . , en} the standard basis of Rn , where ei , i = 1, . . . ,n, is the column matrix with 1 in the i
th row and 0 elsewhere.
For 1 i, j  n with i = j, we denote by σi j the linear transformation of Rn deﬁned by σi j(ek) =
ei + e j if k = j, and σi j(ek) = ek if k = j, k = 1, . . . ,n, namely the transformation corresponding to the
elementary matrix with 1’s on the diagonal and at (i, j), and 0 at all other places. For 1 r, s n let
Ωrs =
{
v = (v1, v2, . . . , vn)′ ∈ Rn
∣∣ vr > 0> vs and vr/vs is irrational}.
We note that v ∈ Rn satisﬁes the hypothesis of the theorem if and only if v ∈ Ωrs for some
1 r, s n; if vr and vs with vr/vs irrational have the same sign, and i is such that vi has
the opposite sign, then one of r or s can be replaced by i to get a pair as desired. Also, for
1  r, s  n let αrs : Ωrs → Ωrs be the map deﬁned as follows: for v = (v1, v2, . . . , vn)′ ∈ Rn we set
αrs(v) = (u1,u2, . . . ,un)′ , where ui = vi for all i = r, s and ur and us are deﬁned by the conditions
ur = vr +vs and us = vs if vr +vs > 0 and ur = vr and us = vs+vr if vr +vs < 0 (note that vr +vs = 0
since vr/vs is irrational). If v = (v1, v2, . . . , vn)′ ∈ Ωrs and j = r or s is such that max{vr, |vs|} = |v j |
and k is the other index from r and s, then there exists m ∈ N such that |v j + mvk|  12 |vk|; this
shows that if αmrs(v) = (u1,u2, . . . ,un)′ then we have max{ur, |us|}  12 min{vr, |vs|}. This implies in
turn that if α jrs(v) = (v( j)1 , v( j)2 , . . . , v( j)n )′ for all j ∈ N then the sequences {v( j)r } and {v( j)s } tend to 0
as j → ∞.
Proposition 2.1. Let 1 r, s n and v ∈ Ωrs . Let w = (w1,w2, . . . ,wn)′ ∈ Rn be such that wrws  0. Then
for every  > 0 there exists γ ∈ Γ+ such that ‖γ (v) − w‖ <  .
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Let Θ denote the set of indices i = r, s, 1 i  n. Let w be as in the hypothesis and let x =∑i∈Θ wiei
and y = wrer + wses .
Since wrws  0 we can ﬁnd a primitive integral pair (p,q) of positive integers and t = 0 such that
‖y − t(per + qes)‖ <  . Let k = r if t > 0 and k = s if t < 0, and let l be such that {k, l} = {r, s}. There
exists γ0 ∈ Γ+ such that γ0(ei) = ei for all i = r, s and γ0(ek) = per + qes . Then ‖γ0(tek)− y‖ <  and
hence by continuity there exists δ ∈ (0, ) such that ‖γ0(u)− y‖ <  for all u such that ‖u − tek‖ < δ.
Now let j ∈ N be such that |v( j)r | < δ and |v( j)s | < δ. Let Θ+ = {i ∈ Θ | wi  v( j)i } and Θ− =
{i ∈ Θ | wi < v( j)i }. For i ∈ Θ we can choose mi ∈ N so that the |v( j)i + miv( j)r − wi | < δ if i ∈ Θ+ ,
and |v( j)i +miv( j)s − wi | < δ if i ∈ Θ− . Also let m be an integer such that |v( j)l +mv( j)k − t| < δ; we
note that in view of the choice of k depending on the sign of t , we have m 0. Let
γ = σmlk
( ∏
i∈Θ+
σ
mi
ir
)( ∏
i∈Θ−
σ
mi
is
)
;
we note that the transformations within each of the families commute with each other and hence the
products are independent of the order. From the choices as above we see that
‖γ (v( j))− x− tek‖ < δ. Therefore ‖γ0γ (v( j))− x− y‖ <  , so ‖γ0γ (v( j))− w‖ <  . Since v( j) ∈ Γ+(v)
this proves the proposition. 
Proof of Theorem 1.1. Let v = (v1, . . . , vn)′ be as in the hypothesis, where n  3. Let 1 r, s  n be
such that v ∈ Ωrs . Let C denote the closure of Γ+(v).
Consider any w = (w1, . . . ,wn)′ ∈ Rn with wi = 0 for all i. If wrws > 0, then Proposition 2.1 shows
that w ∈ C . Suppose that wrws < 0. Let k be an index other than r and s. Then either wkwr > 0
or wkws > 0. We can ﬁnd l,m ∈ N such that vk + lvr > 0, vk + mvs < 0, and (vk + lvr)/vs and
(vk +mvs)/vr are irrational. Let v(1) = σ lkr(v) and v(2) = σmks (v). Then v(1) ∈ Ωks , v(2) ∈ Ωrk and also
v(1), v(2) ∈ Γ+(v). We apply Proposition 2.1 with v(1) or v(2) (in place of v) depending on whether
wkws > 0 or wkwr > 0, respectively, and get that w is in the closure of the Γ+-orbit of the respective
vector, and in turn contained in C . This shows that C = Rn , thus proving the theorem for n 3.
Now let n = 2. In this case Proposition 2.1 shows that P ∪ P− is contained in the closure C of
Γ+(v). Let Λ be the complement of P ∪ P− in R2. Let r, s be such that {r, s} = {1,2} and v ∈ Ωrs .
We show that Γ+(v) ∩ Λ = {αkrs(v) | k ∈ N}, which would prove the theorem. Let γ ∈ Γ+ be such
that γ (v) ∈ Λ. The element γ can be expressed uniquely as γ = γkγk−1 · · ·γ1 for some k  1, with
each γi = σ12 or σ21. For l = 1, . . . ,k let v(l) = γlγl−1 · · ·γ1(v). Then we have γl(v(l−1)) = v(l) for
all l = 1, . . . ,k, with v(0) = v . We note that P ∪ P− is Γ+-invariant, and as v(k) is contained in Λ
this implies that v(l) ∈ Λ for all l = 1, . . . ,k. Now v = v(0) ∈ Ωrs ⊂ Λ and γ1 is the unique element
from {σ12, σ21} such that γ1(v) /∈ P ∪ P− . This means that v(1) = γ1(v) = αrs(v) ∈ Ωrs . Suppose that
inductively we have shown that v(l) = αlrs(v) ∈ Ωrs , for some l = 1, . . . ,k − 1. Then v(l) ∈ Ωrs ⊂ Λ
and γl is the unique element from σ12 or σ21 such that γl(v(l)) /∈ P ∪ P− and hence, as before,
we get v(l+1) = γl+1(v(l)) = αrs(v(l)) ∈ Ωrs . Thus γ (v) = v(k) = αkrs(v). This proves the claim that
Γ+(v) ∩ Λ = {αkrs(v) | k ∈ N}, and completes the proof of the theorem. 
We note that when n = 2, αrs as above corresponds naturally to the Euclidean algorithm map,
say E , of P into itself: if ι : Ωrs → P is the map (vr, vs) → (vr,−vs) then ι ◦ αrs(x) = E ◦ ι(x) for all
x ∈ Ωrs .
3. Applications and comments
Theorem 1.1 readily implies the following well-known result for closures of orbits of Γ = SL(n,Z);
it was ﬁrst proved in [1], inspired by an analogous result for the action of uniform lattices in
SL(n,R) on Rn (in which case every orbit is dense). The proof involves that SL(n,Z) is a lattice in
SL(n,R), and considerations from ergodic theory and dynamics of ﬂows on the homogeneous space
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obtained in [4]. The result can now be viewed as a special case of Ratner’s theory of ﬂows on homo-
geneous spaces; see [2] for details.
Corollary 3.1. The Γ -orbit of v = (v1, v2, . . . , vn)′ is dense in Rn if and only if vi/v j is irrational for some
i, j, with v j = 0.
Proof. The ‘only if ’ part is straightforward to see. Now let v be as in the hypothesis for the ‘if ’ part.
The condition of Theorem 1.1 is satisﬁed either for v itself or ρ(v), where ρ is a suitable rotation by
a right angle in one of the coordinate planes, with the remaining n − 2 basis elements ﬁxed. Such a
ρ is contained in Γ . Theorem 1.1 therefore implies the corollary, immediately for n 3, and together
with the fact that ρ(P ∪ P−) complements P ∪ P− , for n = 2. 
Proof of Corollary 1.2. Let v ∈ Rn be as in the hypothesis and let t ∈ R,  > 0 and a 0 be given. Let
p = (p1, . . . , pn)′ be a primitive integral n-tuple such that p j  a for all j = 1, . . . ,n. Let s = t/‖p‖22,
where ‖ · ‖2 denotes the usual (Hilbert) norm on Rn . By Theorem 1.1 sp is contained in the closure of
the Γ+(v). Hence there exists γ ∈ Γ+ such that ‖γ (v) − sp‖2 < /‖p‖2. Let γ ′ denote the transpose
of γ . Then L(γ ′(p)) − t = 〈p, γ (v)〉 − s〈p, p〉 = 〈p, γ (v) − sp〉 and hence
∣∣L(γ ′(p))− t∣∣ ∣∣〈p, γ (v) − sp〉∣∣ ‖p‖2∥∥γ (v) − tp∥∥2 < .
Let w = γ ′(p). Then we have |L(w) − t| < ; also, since p = (p1, . . . , pn)′ is a primitive integral n-
tuple with p j  a for all j, w is also a primitive integral n-tuple with all coordinates  a, as γ ′ ∈ Γ+ .
This proves the corollary. 
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